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51. INTRODUCTION 
COLLAPSIBLE polyhedra are contractible, but not always vice versa. E. C. Zeeman[6] 
conjectured that if K is a compact contractible 2-polyhedron, then K X I collapses. 
He pointed out that this would easily imply the celebrated conjecture of Poincare that 
S3 is the only simply-connected closed 3-manifold. Both conjectures are presently 
unresolved. Their connection is through spines: K is a spine of the PL manifold M if 
M collapses to K (A4 L K). 
Our main result (Theorem 2) is that if a spine K of I3 is standard (defined below), 
then K x I collapses. This gives some credence to the Zeeman Conjecture. It also 
implies the equivalence stated in the title of this paper. The crux of our argument is 
the following simple lemma, whose proof we leave to amuse the reader. 
CIRCULATION LEMMA. Suppose the six edges of a tetrahedron are oriented by arrows 
in such a way that none of the four vertices is a source (all tails) or sink (all heads).’ 
Then exactly two of the four triangular faces have cyclically oriented boundary: one 
clockwise, the other counterclockwise. 
M. Cohen has shown that Zeeman’s conjecture is false in higher dimensions[2,3]. 
The generalization of standard spines to higher dimensional polyhedra has been 
studied by Matveev [4]. 
$2. STANDARD SPINES 
We work in the category of compact polyhedra and PL maps. A 2-dimensional 
polyhedron is said to be standard if each of its points has a regular neighborhood 
homeomorphic to one of the following three types: 
2lnanifold point (triod) x I cone over l-skeleton of B 
type I 
tetrahedron 
type II type III 
Fig. 1. The three standard neighborhoods. 
Thus a standard K is stratified by closed subsets K0 C K1 C K, where K0 is the (finite) 
set of type III points and K, is the finite graph consisting of points of type II or III. 
(The definition of Casler [ l] also required that each component of K, - KO be an open 
arc and each component of K-K, be an open disk, but we don’t need these 
restrictions.) The Circulation Lemma will later be used to analyse points of type III. 
The study of standard polyhedra is justified by the following theorem, whose proof 
appears in [l, 41. 
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EXISTENCE THEOREM. Every compact connected 3-manifold with non-void boundary 
has a standard 2-dimensional spine. 
We are grateful to the referee for pointing out an earlier existence proof by 
Zeeman[S, Chapter III, p. 261. We quote verbatim: “. . . choose a spine in the interior; 
expand each edge like a banana and collapse from one side; then expand each vertex 
like a pineapple and collapse from one face”. 
By way of example, Bing’s “house with two rooms”[ l] is a standard spine of 13; 
the Dunce Hat[6] is a non-standard spine of 13. 
We may now state our principal results. M3 denotes a compact 3-manifold with 
standard spine K2, so K C ML K. 
THEOREM 2. If M is a homology ball, then K x I collapses to a subset homeomor- 
phic with M. 
THEOREM 3. If M = I3 then K x I is collapsible, and conversely. 
THEOREM 4. Zeeman’s conjecture, restricted to standard spines (of 3-manifolds), is 
equivalent to the Poincare’ conjecture. 
The next two sections are devoted to proving Theorem 2. Theorem 3 follows 
immediately, since K x I L 13\*. The converse is Zeeman’s argument: 
[K x I\*]+[M x I\*]J[M x I = 14]JCM C S31=$[M =131. 
Theorem 4 follows from Theorem 3 and the Existence Theorem. 
Theorem 2 may be paraphrased: [ML K]J[K x IL M]. The trivial homology of 
M is needed in the hypothesis, as the following example shows. Let M be the 
punctured projective space M = RP3 - A3 and take K = RP’. Then ML K but K x I 
cannot collapse to M, since both K x I and M are 3-manifolds. Such a collapse would 
imply (by uniqueness of regular neighborhoods) that M = K x I, which is patently 
untrue. The same example shows that distinct manifolds can have equal standard 
spines. Compare with Corollary 1 of [l]. 
03. ONE DIMENSION LOWER 
To motivate the proof of the main theorem, we consider the analogous situation 
for 2-manifolds. Call a l-dimensional polyhedron standard if it is the underlying set of 
a graph with vertices of valence 2 or 3. If K’ C M2 is a standard spine interior to the 
2-manifold M’, we may (by uniqueness of regular neighborhoods) visualize M as any 
regular neighborhood of K. In particular we see that there is a “natural” retraction r: 
M + K for which each fibre r-‘(x) is an arc, or triod if x has valence 3, with all 
endpoints in aM. Moreover, M may be constructed, knowing only the restriction 
rl aM: aM -+ K, simply as the mapping cylinder. Note that rl c?M is 2 - 1 or 3 - 1. 
THEOREM 1. If K is a standard l-spine of a compact orientable 2-manifold M (with 
nonempty boundary), then K x [ - 1, 11 collapses to a subset Y which is homeomor- 
phic with M. 
We give two different proofs of Theorem 1; the techniques of both proofs will be 
used to establish Theorem 2. 
First Proof of Theorem 1. Locally, there exist homeomorphisms between M and 
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K x [ - 1, 11, except near the vertices, as the vertices have three “normal directions” 
in M but only two in K x [- 1, I] (here K x 0 is identified with K). Figure 2 shows 
how, near a vertex, to collapse K x [ - 1, l] to a subset homeomorphic to M. To fit 
these local homeomorphisms together we need a lemma; intuitively speaking, it shows 
how to paint the sides of K in M with two different colors and have exactly one color 
clash at each vertex. 
LEMMA 1.1. If K and M are as in Theorem 1 with natural retraction r: M + K, then 
there exist disjoint open sets V+ and V- in JM such that each restriction r/ VC: V, + K 
is bijectiue, E = + or - . 
Proof of Lemma 1.1. The reader is asked to verify that any graph with vertices of 
order 2 2 may have its edges directed with arrows in such a way that every vertex 
has at least one head and one tail. The orientation of M and edges of K may be used 
to put points to the “right” of edge points into V+ and those to the “left” into V-. As a 
vertex u of K, one of the three points of c?M rl r-‘(v) is excluded from both V- and 
V+, being a color clash (see Fig. 2) and the lemma follows. 
Fig. 2. 
Using Lemma 1.1 and the construction of Fig. 2 it should be clear how, near each 
vertex of K, to collapse one triangle from M and two triangles in K x [ - 1, I] so that 
the remaining closed subsets X C M and Y C K X [ - 1, 11 are homeomorphic. For 
later reference, however, we give an explicit construction. 
Consider the identification space J4 = 8M X [O, I]/ - , in which the points to be 
identified are (m, 0) - (m’, 0) whenever r(m) = r(m’). This is just the mapping cylinder 
of rlaM, and is homeomorphic with M itself. So via the identification M = A, each 
point of M has coordinates (m, t) with m E CYM and 0 5 t 5 1. The set t = 1 is just JM. 
Using a sufficiently fine triangulation of aM, so that the clash set C = 
aM - ( V+ U V-) is a full subcomplex, define qc: 8M + [ - 1, 11 to be unique simplicial 
map defined on vertices u E aM by: 
1 + 1, u E v, p(u)= -1, UE V_’ 0, UEC 
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Define a closed subset XC M by 
X = {(m, t) E M; r 5 I&n)/}. 
Then M 1X and M is homeomorphic with X. Now define a “flipping” map f: 
X+Kx[-l,l]by 
fh r) = > 
if cp(m)#O 
if cp(m) = 0 (and hence r = 0). 
Then f is well-defined and one-to-one. Its image in K x [ - 1, I] is 
where 4 is the convex hull of cp(r-‘(k) n dM) C [ - 1, 11. So K x [ - 1, l]Lf(X), and 
f(X) = M as required. 
Second Proof of Theorem 1. Intuitively speaking, the coloring schema of the first 
proof is altered slightly at the vertices of K so that the clash is moved away from the 
O-skeleton of K. Formally, the function cp of the first proof is modified around each 
vertex of K as shown in Fig. 3, forming 8: aM + [ - 1, 11. 
the values of ip near e vertex the values of t$ near the same vertex 
Fig. 3. 
Note that cp is altered only on two 1-simplices in Fig. 3, shown with a heavy line. 
The set X C M and map f: X-, K X I are now defined as in the first proof (with 8 
substituted for Q throughout). As before, M and X are homeomorphic, and K X 
I\f(_%). However, f is no longer a homeomorphism -it identifies two triangles (see 
Fig. 4). Fortunately, f((rz)\M, up to homeomorphism, as the next lemma shows. 
DEFINITION. Let S(A) denote the join of an (n - l)-simplex A”-’ to two points c, 
and c2. Let 9”-’ be the open cone of aA”-’ and c,, an open n - 1 dimensional disk. Let 
g: S(A)+ M” be a PL embedding in the n-manifold M” such that g(9”-‘) C Int M”. 
The reflection map R: S(A)+ S(A) switching c, and c2 yields a decomposition of M”, 
obtained by identifying g(p) with g(R(p)), for all p E S(A). We call this decomposition 
M” with (I fin. Given disjoint embeddings g,, g2,. . . , g&: S(A) + M” with g,(9”-‘) C Int 
M”, we similarly define M” with k fins. 
LEMMA 1.2. M” with fins collapses to a subser homeomorphic with M”. 
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Fig. 5. 
Proof. We may first collapse away gi(Int(S(A))), because gi(A”-‘) is a free face in 
the identification space. On gi(a(S(A))), the double identification has the effect of 
“closing up the hole”. That is, we construct a collar on gi(9’-‘) to the outside of 
g(S(A)), then use this collar to establish the lemma. See Fig. 5. 
In the next section we will boost the techniques of this section by one dimension. 
The first proof of Theorem 1 generalizes to an analogous two-coloring of 2-dimen- 
sional standard spines of certain 3-manifolds. The second proof, which was an 
unnecessary complication in this section, motivates a “correction” which is unavoid- 
able in the three-dimensional argument. 
$4. PROOF OF THEOREM 2 
Consider a compact 3-manifold (with nonempty boundary) M3, with the standard 
spine K*. We will show that if M is homologically trivial, then K X I collapses to a 
subset homeomorphic with M. We may assume K C int M. 
To begin, we describe a “natural” retraction r: M + K. Consider first a type III 
point x of K. A model for a regular neighborhood of x may be constructed as follows. 
Let C = cA13 be the cone on the l-skeleton of the canonical 3-simplex A3. C has four 
“pockets”, disks consisting of the cone on each triangle of A3. Attach to each pocket a 
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one-sided (PL) collar and let D denote the union of C and the four attached collars. It 
is not difficult to establish that x has a closed regular neighborhood N, in M so that 
the pair (N,, K n NJ is PL equivalent to (0, C). Projection along the I-fibres of the 
collars provides an obvious retraction of D onto C. The equivalent retraction r: 
N, + K n N, will be taken as the natural retraction on N,. Do this for (disjoint) 
regular neighborhoods of every type III point xl,. . . , xp of K. 
Now let A denote a component of the set of type II points of K which are not 
already interior to some Nxi. Then A is either an arc or simple-closed-curve. We may 
disregard the possibility of orientation reversal (although it could be handled), as our 
manifold is acyclic and hence orientable. So A has a regular neighborhood which is a 
trivial disk bundle D2 x I or D2 x S’. The cross sectional disks may each be identified 
with a triod (the intersection with K) thickened by three collars, just as depicted in 
the upper left of Fig. 2. Projection along the collar fibres then defines a natural 
retraction r: N,,+ K 17 NA, which may be taken to match the maps r: NXi + K n N,, 
where the domains overlap. Do this for each component A,, . . . , A,. 
Finally, let B,, . . , B, denote the components of the closure of K - 
(N,, u . . . U Nz, U N,,, U e . . U N,.,). Each Bi is a 2-manifold with boundary-indeed 
in our (acyclic) situation each Bi is a disk. In any case, each Bi has an I-bundle 
neighborhood in the closure of A4 - (N,, U . . . U NX, U N,, U . . . U NA,) with r already 
defined over the boundary of Bi. We extend I to map Ngi + Bi, again by projection 
along fibres. In summary, we have defined a retraction r: N --, K, where N is the 
union of all the regular neighborhoods of type Nxi, NAi and NBi. Clearly N is a regular 
neighborhood of K in M and, by uniqueness of regular neighborhoods, we may 
assume M = N. 
Any r: M --, K which arises from such a construction will be called a natural 
retraction. It may be regarded as a sort of singular normal bundle of K in M. 
Specifically, r is a locally-trivial fibration over each of the strata K - K, (manifold 
points), K, - K,, (type II points) and K0 (type III points). The fibres of the three 
bundles are, respectively, an interval, triod (figure Y) and quadrod (figure X), with 
endpoints in JM and centers in Y. They match in a nice way as described above. 
Moreover, the restriction r]aM: JM + K completely determines M topologically as 
the mapping cylinder: 
M = aM x [0, l]/- 
where (m, t) - (m’, t’) iff t = t’ = 0 and r(m) = r(m’). We will use the notation (m, t), 
m E aM, 0 5 t i 1, for these “cylindrical” coordinates of points in M. The projection 
map aM x [0, l] + M given by (m, t) + (m, t) may be taken to be simplicial (in fixed 
triangulations) and a homeomorphism away from t = 0 (where it is at worst 4 to one). 
The reader should be aware that in the case of interest here (M being of trivial 
homology) standard arguments imply 8M is a single 2-sphere, although we will not 
need this fact. 
LEMMA 2.1. Suppose K C M is a standard 2-spine of a compact 3-manifold with 
natural retraction r: M + K. Assume the homology groups of M (and hence K) are all 
trivial. Then 8M contains disjoint open regions V- and V, such that rl V, is injective 
and surjective, E = + or - . 
To construct these sets we make some homological constructions. To this end, 
assume K triangulated as a subcomplex of M so that the singular set K, (non- 
manifold points) is a full subcomplex. Each l-simplex in K, is face of exactly three 
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triangles; each remaining l-simplex of K is a face of two triangles. Note that the 
simplicial map r(8M: 8M + K is 2-, 3- or 4-to-one. We need another lemma before we 
can proceed. 
LEMMA 2.2. With K as in Lemma 2.1, there exists a “fundamental” 2-chain 
y E C2(K; Z) which has coefficient + 1 on each (oriented) 2-simplex and such that 
the l-cycle ay has coefficient 21 on 1-simplices of K, and coeficient zero on the other 
1-simplices. 
Proof of Lemma 2.2. K, is a graph with vertices of order 2 or 4, so there exists a 
l-cycle a E C,(K; Z) all of whose coefficients are + 1. Since H,(K; Z) = 0 there exists 
a 2-chain p E C?(K;‘Z) with ap = a. Consider the set C of 2-simplices on which p has 
even coefficients. One checks that the mod 2 boundary of E is zero, using the fact that 
if three numbers add to + 1, then either two or none of these numbers is even. But 
since K is 2-dimensional and H,(K; Z) = 0 we conclude that C. is actually empty. So 
all coefficients of p are odd, and in particular nonzero. Let y be the 2-chain obtained 
from p by changing every positive coefficient to + 1 and every negative coefficient to 
- 1. It is easy to see that y satisfies the requirements of Lemma 2.2. 
Proof of Lemma 2.1. Visualizing M as a regular neighborhood of K, we use the 
chain y of Lemma 2.2, together with an orientation of M, to “paint” (with + or -) 
the two sides of each open 2-simplex of K in such a way that colors clash only along 
the singular set K,. Moreover, along components of K, - K,, where either one or 
three color clashes are a possibility, our stipulation on ay ensures that there is just 
one clash (in cross section, as in Fig. 2). Finally, at a point x of K,,, we examine how 
the colors must be arranged in a regular neighborhood N, in M. The pair (N,, K fl NJ 
is homeomorphic with (A3, c13), a tetrahedron and the cone from its barycenter to its 
l-skeleton. The walls of this cone have been painted on both sides in such a way that 
just one clash occurs at each vertex of A3. This corresponds to orienting the edges of 
A3 (so the same color is always to the “right” as one looks along the oriented edge) in 
such a way that the hypothesis of the Circulation Lemma is fulfilled. Its conclusion 
guarantees that exactly two of the four pockets at x have no color clash: one is all + 
and the other all - . The reader is advised to construct a 3-dimensional model of a type 
III vertex and 2-color it. 
To reiterate, we have partitioned the set r-‘(K - KJ into two open subsets, say U+ 
and U-, such that r( U, is manic, E = + or - . Our remarks show that the interiors of 
their closures V, = int( DC) each contain exactly one point of r-‘(k), for every k in K, 
as well. Thus V- and V+ are as required by Lemma 2.1. 
Continuing with the proof of the main theorem, suppose we define cp: 8M + [-1, l] 
as in the first proof of Theorem 1. The set of points (m, t) with t I (q(m)] is 
unfortunately not homeomorphic with M. The set is not a manifold at each type III 
point of K, since M gets pinched from two sides. Thus we are forced to modify cp near 
each such point, in a manner analogous to the second proof of Theorem 1. The plan is 
to deal with one clash direction by an argument as in proof 1, and the other as in proof 
2. 
Consider more closely a regular neighborhood K n IV, of a type III point x of K. 
The set r-‘(K II N,) has four components in aM, each with three triangular regions 
which have been colored + or - using the fundamental chain of Lemma 2.2. The 
circulation lemma showed that two of these components contain no color clash. 
Actually, more is true. Up to permutation of the vertices, there is only one way to 
color the sides of CA,’ in A3 according to our rules (the two sides of each of the six 
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Fig. 6. The color scheme near a type III point. 
revise r 
on &BCD 
0 
0 A +I. -1 l ’ 0 
-1 +1 ,I 
(b) values of 3 
on ABCD 
Fig. 7. (a) The corresponding values of q. Heavy lines = q’(O). 
triangles are differently colored, and only one color clash allowed at each vertex of 
A’). It is shown in Fig. 6. Vertices with the same labels in this flattened-out pictures 
are sent by r to the same point of K. 
The corresponding values of cp: aM + [- 1, I] are given in Fig. 7(a). Now modify cp, 
on only one component of r-‘(K fl N,), as shown in Fig. 7(b). This is done for each 
type III point x of K, giving us a map 4: M + [ - 1, 11 which agrees with ~0 
everywhere else. This is a natural generalization of the construction of Fig. 3. If we 
now define X C M to be the set of (m, t) satisfying t s j$(m)l we have that M z k as 
well as ML_%. 
Defining the flipping map p: X --, K X [ - 1, I] by 
f^(m, t)= ( r(m)’ ‘1 -T(Y) iJ m ^ ) if 4(m) # 0 
(r(m), O), if e(m) = 0, 
we see that K x [ - 1, l]Lf^(X). Now f is definitely not a homeomorphism. But it is at 
most two-to-one, and gives f(X) a decomposition space structure as an “M with fins”. 
We use Lemma 1.2 to conclude that f^(X) collapses to a homeomorphic copy of M 
and the proof of Theorem 2 is complete. 
In conclusion, we ask the question: if X is an arbitrary spine of I’, is X x I 
collapsible? 
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